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We study the systems of scalar and spinor particles with mixing emitted by external classical
sources. The fields distributions exactly accounting for external sources are obtained directly from
the Lorentz invariant wave equations in (3+1)-dimensional space-time. Then we discuss the sources
which are localized in space and specifically depend on time. In this case we receive energy densities
for the scalar fields and intensities for the spinor fields. It is found that these expressions coincide
with the formulae for transition and survival probabilities of neutrino flavor oscillations in vacuum.
The relevance of the developed technique to the description of neutrino flavor oscillations is discussed.
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I. INTRODUCTION
The studying of the evolution of elementary particles systems with mixing is an important problem of high energy
physics. Nowadays we have received the experimental confirmation that there exists the mixing in both quark
and lepton sectors of the standard model (see, e.g., Refs. [1, 2, 3]). Recently the considerable effort was made
to theoretically describe the evolution of flavor neutrinos with mixing in order to substantiate the results of the
quantum mechanical approach to the problem in question (see Refs. [4, 5]). One should work out more profound
treatment of neutrino flavor oscillations since some problems arise when the quantum mechanics is used to describe
neutrino oscillations. For instance, it is not clear (i) whether energies or momenta of different neutrino eigenstates are
equal, (ii) whether neutrino oscillations occur in space or in time, (iii) whether it is important to take into account
the multicomponent structure of the neutrino wave functions etc. Some of the unresolved issues of neutrino flavor
oscillation are also briefly outlined in Ref. [6].
It is necessary to mention that in Refs. [7, 8, 9, 10, 11] the quantum field theory was applied for the studying
of neutrino flavor oscillations in vacuum. The authors of those works re-derived the Pontecorvo formula for the
transition probability and discussed the corrections to this expression. Several processes involving neutrino weak
states, constructed in Ref. [8], were calculated in Ref. [12]. The incompatible results were revealed to appear if one
used the inequivalent vacua model proposed in Ref. [8]. We demonstrated in Refs. [13, 14, 15] that neutrino flavor
oscillations in vacuum as well as in matter could be accounted for in frames of the classical field theory. That approach
was similar to the usual wave packet treatment of neutrino flavor oscillations. The weakness of that method consisted
in the fact that to obtain a stable oscillations picture one should prepare rather broad initial wave packet. Such initial
conditions are very difficult to implement. In order to overwhelm that difficulty one has to consider more realistic
models for neutrino emission processes.
This paper continues the series of our publications on the theory of neutrino flavor oscillations. The purpose of the
present work is to provide a deeper understanding of neutrino flavor oscillations in vacuum. We study the evolution
of mixed scalar (Sec. II) and spinor (Sec. III) particles emitted by classical sources. We start from Lorentz invariant
Lagrangians in (3 + 1)-dimensional space-time. Therefore all the results are valid for arbitrary energies of emitted
particles. The fields distributions of scalar and spinor particles exactly accounting for the external sources are obtained.
Then for the external fields with the specific time and coordinates dependences we derive the expressions for energy
densities (scalar fields) and intensities (spinor fields). These quantities are examined in the limit of rapidly oscillating
external fields. It is shown that the considered expressions coincide with the common formulae for transition and
survival probabilities of neutrino flavor oscillations in vacuum. We discuss our results in Sec. IV and suggest that the
developed formalism is a theoretical model for the process of neutrino flavor oscillations. The approximations made
in deriving of major results are considered in Appendix A.
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2II. EVOLUTION OF SCALAR PARTICLES
In this section we study the dynamics of N complex scalar particles ϕ = (ϕ1, . . . , ϕN ) with mixing. The scalar














(f †kϕk + ϕ
†
kfk), (2.1)
where gik = g
∗
ki are the constants describing the mixing between different fields ϕk and
L0(ϕk) = ∂µϕ†k∂µϕk −m2k|ϕk|2,
is the free field Lagrangian, mk is the mass of the field ϕk. The external sources fk = fk(r, t) in Eq. (2.1) are taken
to be arbitrary functions of coordinates and time.
To describe the evolution of the considered system we make the matrix transformation of the Lagrangian (2.1) and











in such a way to eliminate the vacuum mixing terms in Eq. (2.1). It should be noted that the matrix Mka in Eq. (2.2)


















The dynamic equation for the field ua is the inhomogeneous Klein-Gordon equation,
( −m2a)ua = −ηa,
where  = −∂µ∂µ is the d’Alembertian operator. It is worth mentioning that the masses ma of the fields ua are
different from the masses mk. The solution of this equation for arbitrary function ηa has the form (see, e.g., Ref. [16])
ua(r, t) =
∫
d3r′dt′Dreta (r− r′, t− t′)ηa(r′, t′), (2.3)
where Dreta (r, t) is the retarded Green function. The explicit form of this function can be found in Ref. [17],
















where θ(t) is the Heaviside step function, J1(z) is the first order Bessel function, x
µ = (t, r), s =
√
t2 − r2 and r = |r|.
Now it is necessary to specify the time and spatial coordinates dependence of the external fields fk(r, t). We assume
that the sources are localized in space and emit harmonic radiation: fk(r, t) = θ(t)f
(0)
k e
−iωtδ3(r), where f (0)k is the
amplitude of the source and ω is its frequency. In this case Eq. (2.3) is rewritten in the following way:















is the time independent component of the function ηa.



































t2 − r2 and s = √τ2 − r2. It is interesting to notice that both I1 and I2 in Eqs. (2.6) and (2.7) are
equal to zero if t < r. It means that the initial perturbation from a source placed in the point r = 0 reaches a detector
placed in the point r only after some time t > r.
Despite the integral I1 in Eq. (2.6) is expressed in terms of the elementary functions, the integral I2 in Eq. (2.7)
cannot be computed for arbitrary r and t. However some reasonable assumptions can be made to simplify the
considered expression. An observer is at the fixed distance from a source. As we have already mentioned one detects
a signal starting from t > r. However we will observe quite complicated relaxation phenomena initially. Therefore, if
we suppose that one should wait rather long period of time before ”switching on” a detector, i.e. t≫ r or xm →∞,
we can avoid relaxation phenomena. In this case the integral I2 can be computed,
I2 = − 1
4πr
(eiωr − eipar), (2.8)
where pa =
√






















































and the fact that the Bessel and Neumann functions of ±1/2 order









are expressed in terms of the elementary functions. The approximations made in derivation of Eq. (2.8) are analysed
in Appendix A.
Using Eqs. (2.6) and (2.8) we obtain the field distribution of ua,






Then it is necessary to describe the evolution of the fields ϕj . With help of Eqs. (2.2) and (2.9) one receives the field











We remind that this formula is valid if t≫ r.
4To be more elucidative we consider the system of only two scalar fields ϕ1 and ϕ2. In this case the matrix Mja in
Eq. (2.2) is parametrized with help of the mixing angle θ,
Mja =
(
cos θ sin θ
− sin θ cos θ
)
. (2.11)
We also adopt the following amplitudes of the external sources: f
(0)
1 = 0 and f
(0)
2 ≡ f 6= 0. If we discussed the
evolution of flavor neutrinos (in fact it is carried out in Sec. III), such a choice of the external fields would mean
that ϕ1 would be a muon or a τ -neutrino and ϕ2 – an electron neutrino. There would be a source of only electron
neutrinos in r = 0 and a detector at the distance r from a source.
Using Eqs. (2.10) and (2.11) we obtain the fields distributions of ϕ1,2 in the following form:






(sin2 θeip1r + cos2 θeip2r). (2.12)
It was demonstrated in Ref. [15] that the measurable quantity for a scalar field is the energy density rather than the
field distribution. Constructing the time component T 00 of the energy momentum tensor of ϕi we can write down
the energy density in the following way:
Hi(r, t) = T
00[ϕi(r, t)] = |ϕ˙i|2 + |∇ϕi|2 +m2i |ϕi|2.
Now let us discuss the high frequency approximation of the obtained results: ω ≫ m1,2. If we again referred to the
flavor neutrinos evolution (see Sec. III), it would mean that ultrarelativistic neutrinos would be emitted. Decomposing
the ”momenta” pa ≈ ω −m2a/(2ω) in Eqs. (2.12) and taking into account that Hi ≈ |ϕ˙i|2 + |∇ϕi|2 ≈ 2ω2|ϕi|2 one

































where we use the common notation ∆m2 = m21 −m22.































It can be seen that Eqs. (2.14) and (2.15) coincide with the usual formulae for transition and survival probabilities of
neutrino flavor oscillations in vacuum that were obtained in frames of the quantum mechanical approach.
III. EVOLUTION OF SPINOR PARTICLES
In this section we consider the problem analogous to that we discuss in Sec. II, namely the evolution of N spinor
particles ν = (ν1, . . . , νN) with mixing under the influence of the external classical fields f
µ
k . We restrict ourselves to




















where gik = g
∗
ki are the coupling constants, γ
L
µ = γµ(1 + γ
5)/2 and
L0(νk) = ν¯k(iγµ∂µ −mk)νk,




k (r, t) are supposed to be
arbitrary functions. The physical analog of the Lagrangian in Eq. (3.1) is the system of flavor neutrinos νk interacting
with matter by means of the electroweak interactions. In this case ℓk is the charged SU(2) isodoublet partner of νk.
If we study the neutrino emission in a process like inverse β-decay: p+ e− → νe + n, the external fields in Eq. (3.1)
are (see, e.g., Refs. [18])
fµνe = −
√
2GF Ψ¯n(1 + αγ
5)γµΨp, f
µ
νµ = 0, f
µ
ντ = 0, (3.2)
where Ψp and Ψn are the wave functions of a proton and a neutron, α ≈ 1.25 and GF is the Fermi constant. In
Eq. (3.2) we assume that matter consists of electrons, protons and neutrons.

















(χ¯aψa + ψ¯aχa), (3.4)














Using Eq. (3.4) we receive the inhomogeneous Dirac equation for the fermion ψa,
(iγµ∂µ −ma)ψa = −χa.
We mention again that the massesma are different from the masses mk. The solution of this equation for the arbitrary
spinor χa is expressed with help of the retarded Green function for a spinor field (see, e.g., Ref. [16]),
ψa(r, t) =
∫
d3r′dt′Sreta (r− r′, t− t′)χa(r′, t′). (3.6)
The explicit form of Sreta (r, t) can be also found in Ref. [16],
Sreta (r, t) = (iγ
µ∂µ +ma)D
ret
a (r, t), (3.7)
where the function Dreta (r, t) is given in Sec. II.
To proceed in further calculations it is necessary to define the behavior of the external sources. Let us suppose that
the external fields depend on time and spatial coordinates in the similar way as in Sec. II, namely
ℓk(r, t)f
µ




where ξk = ℓ
(0)
k is the time independent component of the spinor ℓk and f
(0)µ
k is the amplitude of the function f
µ
k (r, t).
Using Eqs. (3.5) and (3.8) we obtain for χa,
























6Now it is possible to use the technique developed in Sec. II. Finally we obtain the field distribution of the fermion
ψa,







where Oa = γ
0ω − (γn)pa + ma and n is the unit vector towards a detector. It should be noted that in deriving
Eq. (3.10) we differentiate only exponential rather than the factor 1/r because the derivative of 1/r is proportional to
1/r2 and such a term is negligible at large distances from a source. We also remind that Eq. (3.10) is valid for t≫ r.












Analogously to Sec. II we study the evolution of only two fermions. The mixing matrix is given in Eq. (2.11). We
also choose the amplitudes of the sources in the following way: f
(0)µ
1 = 0, f
(0)µ
2 ≡ fµ 6= 0 and ξ2 ≡ ξ. The reason for
such a choice is similar to that in Sec. II. If we suppose that ν1 corresponds to a muon or a τ -neutrino and ν2 – to
an electron neutrino, then it means that there is a source of only electron neutrinos and we observe particles at the
distance r from a source. Using Eqs. (2.11) and (3.11) we obtain the fields distributions of each of the particles ν1,2,
ν1(r, t) =− sin θ cos θe−iωt f
µ
4πr









In the following we discuss the high frequency approximation: ω ≫ m1,2. It again corresponds to the emission of
ultrarelativistic neutrinos. It was shown in our previous works [13, 14, 15] that the measurable quantity for a spinor
particle is the intensity which is defined by the following expression: Ii(r, t) = |νi(r, t)|2. With help of Eqs. (3.12) we
get the intensities in the form


































where 〈Tµν〉 = ξ†γ†µ(αn)γνξ and α = γ0γ. It is possible to calculate the components of the tensor 〈Tµν〉. They
depend on the properties of the fermion ℓ2 ≡ ℓ,
〈T00〉 = −(vn), 〈T0i〉 = 〈Ti0〉∗ = ni − i[n× ζ]i,
〈Tij〉 = δij(vn)− (vinj + vjni) + iεijknk, (3.14)
where v = 〈α〉 is the velocity of fermion ℓ and ζ = 〈Σ〉 is its spin, Σ = −γ5α. It should be noted that, if we study
the evolution of flavor neutrinos and ν2 corresponds to an electron neutrino, the fermion ℓ is an electron.
Let us discuss the simplified case when the spatial components of the four-vector fµ are equal to zero: f = 0. Then





















































It should be noted that Eqs. (3.16) and (3.17) are the same as the common formulae for the description of neutrino
flavor oscillations in vacuum. These expressions also coincide with Eqs. (2.14) and (2.15) derived for the case of the
mixed scalar fields.
7IV. CONCLUSION
In conclusion we mention that we have studied the evolution of the systems of mixed particles emitted by classical
sources. The cases of both scalar and spinor particles have been considered. The fields distributions of particles have
been found for the arbitrary sources dependences on time and spatial coordinates. Note that the expressions for the
fields distributions have been received directly from the Lorentz invariant wave equations and thus they were valid
for arbitrary energies of emitted particles. It should be also mentioned that all the calculations have been carried out
in (3 + 1) dimensions. Various physical applications of the considered problem have been discussed. For example,
the system of mixed spinor particles interacting with external sources is a good theoretical model for flavor neutrinos
with mixing emitted in a β-decay or in a similar process.
We have demonstrated that the expressions for energy densities (scalar fields case) and intensities (spinor fields
case) have coincided with the common transition and survival probabilities of neutrino flavor oscillations in vacuum
derived within the quantum mechanical approach. If neutrino oscillations are described with help of the quantum
mechanics, one cannot obtain, e.g., the corrections to the transition probability formula. In our approach one tracks
neutrinos from a source to a detector and it is also possible to take into account corrections to the leading term in
the transition probability formula and discuss approximations made in deriving of the main results. For instance, we
have mentioned in our previous work [13] that neutrino flavor oscillations could be observed if rather broad initial
wave packet was presented. It would correspond to a permanent (or rather long-continued) neutrino source. This
result has been confirmed in the present paper. We have found that the stable oscillations picture could appear if
time after the neutrino emission is much greater than the distance between a source and a detector. It means that a
source should be at least long-continued. It is also worth to be noted that we have droped several terms in deriving
Eqs. (2.14) and (2.15) [as well as Eqs. (3.16) and (3.17)]. These terms were rapidly oscillating ones (on the frequency
∼ ω) however they were suppressed by the factors ∼ (ma/ω)2 which were small for great ω. Such additional terms
were also discussed in previous publications (see Ref. [8] and our recent papers [13, 14, 15]) devoted to neutrino
flavor oscillations. It is interesting to mention that the probabilities formulae obtained in Refs. [13, 14, 15] were
time-dependent. The corresponding expressions [see Eqs. (2.14), (2.15), (3.16) and (3.17)] derived in the present
work were coordinate-dependent. This fact is due to different approaches to the description of the flavor neutrinos
evolution. It can be shown (see, e.g., Ref. [19]) that there is a probability for all neutrino flavors, rather than only
an electron neutrino, to be emitted, for instance, in a β-decay, provided there is the mixing between differen neutrino
flavors. It is possible to take into account this fact in frames of our approach to the description of neutrino flavor
oscillations. We can formally consider the sources of all neutrino species. The amplitudes f
(0)µ
i of the sources should
be taken either from the quantum field theory of the neutrino emission or from an experiment.
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APPENDIX A: EVALUATION OF INTEGRALS
It is interesting to evaluate the inexactitude which is made when we approach to the limit xm → ∞ in Eq. (2.7).
In Fig. 1 we present the absolute values of the functions,




















(eiΩ − eiP ), (A2)
versus t. These functions are proportional to I2 in Eqs. (2.7) and (2.8) respectively. In Eqs. (A1) and (A2) we use
dimensionless parameters ρ = mr, Ω = ωr, ym =
√
(t/r)2 − 1 and P =
√
Ω2 − ρ2. Fig. 1 is plotted for ρ = 1 and
Ω = 10. The solid line is the absolute value of the function F (r, t) and the dashed line – F0(r). As we mention
in Sec. II the relaxation phenomena occur when t & r. It can be also seen in Fig. 1. It is possible to notice
that |F (r, t)| → |F0(r)| in Fig. 1 at great values of t, as it is predicted in Sec. II. This analysis substantiates the














FIG. 1: The absolute values of the functions F (r, t) and F0(r) versus t.
approximations made in Sec. II.
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